GEOMETRIC COINCIDENCE RESULTS FROM MULTIPLICITY OF 

CONTINUOUS MAPS 



R.N. KARASEV 

Abstract. In this paper we study geometric coincidence problems in the spirit of the 
following problems by B. Griinbaum: How many affine diameters of a convex body in M n 
must have a common point? How many centers (in some sense) of hyperplane sections 
of a convex body in W l must coincide? 

One possible approach to such problems is to find topological reasons for multiple 
coincidences for a continuous map between manifolds of equal dimension. In other words, 
we need topological estimates for the multiplicity of a map. In this work examples of 
such estimates and their geometric consequences are presented. 



1. Introduction 

Before going to particular geometric problems, let us state the corresponding topological 
question, which is itself quite natural: 

Problem 1.1. Suppose d is a positive integer. Find the largest possible x(<f) with the 
following property: For any continuous map / : M.P d — > S d , there exists x G S d such that 
> x(d), where is the cardinality of the preimage. 

Since M.P d and S are not homeomorphic for d > 2, then obviously x(d) > 2 for d > 2. 
In what follows we mostly rely on the partial answer to this question given in [T]: 

Theorem 1.2. Suppose that q is a power of two, q(m + l) < 2 l — 1. Then any continuous 
map 

f : RP 2 l ~ 2 ~ m M 2 - 2 
has a coincident q-tuple, i.e. | f _1 (x)| > q for some x G M 2 ' -2 . 

Remark 1.3. This theorem also holds for maps / : IP 2 - 2 -" 1 S 2 - 2 , because the proof 
in [T] uses only the Stiefel-Whitney classes of the domain and the target manifolds. In 
particular, putting m = we obtain x{2 1 — 2) > 2' -1 , in other words x(rf) = ~ + 1 for 
d = 2 l — 2. For other m we obtain that x(2 l — 2 — m) is at least the greatest power of 

two in the range ^1, j , which is a nontrivial result if 2 l — 1 > Am + 4. 

It is an open problem to find more lower bounds for x(d). For example, in the case 
d = 2 — 1 Theorem 11.21 cannot give more than x(d) > 1, because the characteristic 
classes of RP 2 _1 vanish (of course we know that x(d) > 2 for d > 2). In the paper 
of M. Gromov |2J the cardinalities of preimages were also studied (for piecewise linear or 
piecewise smooth maps under some genericity conditions), but useful results were obtained 
for maps from polyhedra of high complexity, very different from ~RP d . It is also noted 
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in [21 p. 447] that any d- manifold admits a map to M. d with multiplicity |/ _1 (a;)| < 4d for 
any x G M. d , thus giving an upper bound for our function: x(d) < 4d. 

The approach to the multiplicity in [1] uses computations in the cohomology of config- 
uration spaces of manifolds. It may happen that the technique of contraction in the space 
of (co)cycles from [2], after some modifications, can also be applied to Problem 11.11 In 
particular, it would be natural to have a linear lower bound x(d) > cd for some constant 
c > 0, which we do not have at the moment. 

In the rest of the paper we produce some geometric consequences of Theorem 11.21 with 
S 2 ~ 2 as the target space. 

The author thanks Vladimir Dol'nikov for pointing out the geometrical problems and 
the discussion. 

2. Continuous selection of lines in every direction 

Consider a family of lines Q in ~R d containing one straight line in every direction, 
depending continuously on the direction £ e RP . A natural question is the following: 

Problem 2.1. Find the largest possible >c%{d) such that we can always find > K^{d) distinct 
lines in such continuous family Q that have a common point. 

Lemma 2.2. In the introduced notation x 2 (d) > x(d) 

Proof. Consider the union X of all lines in Q with the natural topology, and take its 
1-point compactification X, which is homeomorphic to M.P d . The natural map X — > M. d 
is extended to a continuous map 



Note that affine diameters (longest straight line sections in given direction) of a strictly 
convex body form a continuous family of lines in every direction, thus proving: 

Corollary 2.3. Suppose K C M d is a strictly convex body. Then there exist at least 
Kz(d) — x(d) distinct affine diameters of K , having a common point. 

This result can be sharpened; the multiple point may be found in the interior: 

Theorem 2.4. Suppose K cR d is a strictly convex body. Then there exist at least x(d) 
distinct affine diameters of K, having a common point in the interior of K. 

Remark 2.5. This problem (along with some other problems) on affine diameters were 
mentioned in [31 § 6.5]. It was conjectured that some d + 1 affine diameters have a 
common point, but our Theorem 11.21 gives ~ + 1 in the best case d = 2 l — 2. 

Proof. For every direction £ e MP d_1 consider the affine diameter a(£) of K and the open 
segment b(£) = a(£) (1 int K. The union of all b(£) is homeomorphic to the total space of 
the canonical bundle 7 : ^(7) — > MP d_1 . We obtain an obvious map 



Note that the one-point compactification of £^(7) is homeomorhic to M,P d , and the one- 
point compactification of int K is homemorphic to S d . Since / is a proper map, we extend 
it to 



f : X = RP d S d , 
and the multiple points of / give the desired coincident lines. 



□ 



/ : E(j) -> int K. 



f : RP d -> S d 



and apply the definition of x(d). 



□ 
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3. Continuous selection of points in hyperplanes 

There is another geometric problem, that has something to do with Problem ll.il Denote 
M(d, k) the set of all affine A;-planes in M. d with natural topology. 

Problem 3.1. Consider continuous selections of a point in a hyperplane, i.e. continuous 
functions / : M(d, d - 1) -> W 1 such that 

VH G M{d,d-l) f(H) G H. 

Find the largest possible x 3 (cf) such that for any continuous selection / we can find at 
least x = x 3 (<f) distinct hyperplanes Hi, ... , H H such that 

f(H 1 ) = ... = f(H K ). 

Lemma 3.2. In the introduced notation x 3 (cf) > x(cT). 

Proof. By the standard duality reasoning, if we denote the hyperplane at infinity 
then M(d, d — 1) U {H^} = RP d - The map / is extended by continuity to the map 
f : RP d -»■ S d , and the result follows. □ 

Let us state a particular geometric consequence of the above lemma: 

Theorem 3.3. Let c(L) be a motion-invariant continuous selection of a point in an (d— 1)- 
dimensional convex compact L, e.g. c(L) is the mass center, or the Steiner point of L etc. 
Suppose K C M. d is a strictly convex body. Then we can find at least x = x 3 (cf) > x(d) 
distinct hyperplane sections Li, . . . ,L X of K such that 

c(Li) = • • • = c(L % ). 

Remark 3.4. In the particular case of the mass center the stronger result is known: d + 
1 sections with a common mass center can be found, see [31 § 6.1-6.2]. Again, our 
Theorem 11.21 gives | + 1 in the best case d = 2 l — 2. 

Proof. For any hyperplane H G M(d, d — 1) define f(H) as follows: 

• If H n K ^ then f(H) = c(H n K). 

• If H H K = then f (H) is the closest to K point in H. 

The map / is a continuous selection of a point in a hyperplane, therefore some x = x 3 ((i) 
of hyperplanes have a common point x. Consider several cases: 

• If x $ K then f(H) = x holds for the only one hyperplane, orthogonal to the 
projections vector from x to K, so this is not the case; 

• If x G dK then f(H) = x is valid for the tangent hyperplane at x to K only; 

• If x G int K then we have the desired statement. 

□ 
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